This work aims at studying the fairness of multi-queue and multi-server queueing systems. We deal with the issues of queue-multiplicity, queue joining policy and queue jockeying and use a quantitative measure (RAQFM) to evaluate them. Our results yield the relative fairness of the mechanisms as a function of the system configuration and parameters. Practitioners can use these results to quantitatively account for system fairness and to weigh efficiency aspects versus fairness aspects in designing and controlling their queueing systems. In particular, we quantitatively demonstrate that: 1) Joining the shortest queue increases fairness, 2) A single "combined" queue system is more fair than "separate" (multi) queue system and 3) Jockeying from the head of a queue is more fair than jockeying from its tail.
INTRODUCTION
Multiple server queueing models have been used in a large variety of applications, including computer systems, call centers and Web servers, as well as human waiting lines (e.g., in airports). The configuration and operation of multi-server (multi-processor) systems involves a variety of operational mechanisms that must be chosen. These include the number of queues and their dedication, the service policy, the queue joining policy and queue jockeying rules.
Fairness in queues was stated to be an important issue (for example [6, 5] and many other) and this importance (in the eyes of customers) was reinforced by psychological experimental queueing studies [7] . These experimental studies have further shown that the single-queue system is perceived to be more just (fair) compared to the multi-queue system.
Despite the importance of fairness, Queueing Theory, which devoted much effort to the analysis of the above mentioned mechanisms, has dealt mainly with their performance (in terms of delay and its moments) and the analysis of their relative fairness was not carried out. The interest in computer job scheduling and in their fairness has recently raised interest in quantitatively evaluating queue scheduling fairness. Work in this area has been done in [3, 4, 12, 10, 2, 1, 8] .
The purpose of this work is to use an analytic model, and evaluate the relative fairness of multiple server systems. Such analysis will provide measures of fairness for these systems, that can be used to quantitatively account for fairness when considering alternative designs.
To carry out this analysis we use the Resource Allocation Queueing Fairness Measure (RAQFM) introduced in [10] for single server systems, and further researched in [8] . This measure is based on the basic principle that all customers present at the system at epoch t deserve equal service at that epoch, and deviations from that principle result in discrimination (positive or negative); a summary statistics of these discriminations yields a measure of unfairness.
A full version of this article can be found in [9] .
FAIRNESS OF G/D/m TYPE SYSTEMS
We start our analysis by considering G/D/m type systems, that is, systems with a general arrival process and deterministic service times. Under this setting we first show that Global FCFS, namely serving the customers according to their order of arrival, is the most fair service policy. This holds for any arrival process. This property was proved in [8] for single server systems and is generalized here for multiple server, multiple queue systems.
Second, we study the effect of multiple queues on fairness. This is commonly referred to in the literature as the "Combining Queues" problem, in which a system consisting of m M/M/1 queues, each having service rate µ and arrival rate λ is compared to an M/M/m system with the same service rate µ, and a corresponding arrival rate mλ It is widely known that the single queue system is more efficient. However, if jockeying is allowed when a server is idle (in a manner that is nondiscriminatory with respect to the required service time), the systems have the same mean waiting time (see [11] for a full discussion in the matter). We show that the combined (single) queue system is more fair than the separate (multiple) queue system. Third, we investigate the jockeying-on-idle mechanism, namely jockeying is allowed from a non-empty queue to an idle server, and conjecture that allowing for jockeying increases the G/D/m system fairness. We show that jockeying from the head of the queue is more fair than jockeying from its tail (the latter practice is common in some supermarkets).
Fourth, we study the effect of the queue joining policy on the fairness of the system. Again, the efficiency aspect was thoroughly studied, starting with [13] where the Shortest Queue (SQ) policy is shown to be optimal for exponential arrivals and service times. We study the fairness of the G/D/m system under SQ, Round-Robin (RR), and Random Queue Joining (RAND). We show that SQ and RR are equivalent to each other and they both are more fair than RAND.
Lastly for G/D/m type systems, we examine simulation results of these systems under Poisson arrivals. For example, Figure 1 depicts numerical results from simulating the M/D/2 model as a function of the system utilization factor ρ = sλ/2. The results support all the properties shown.
FAIRNESS OF M/M/m TYPE SYSTEMS
We turn to study M/M/m type systems, namely systems with Poisson arrivals and exponential service times. We provide an exact fairness analysis for the same systems discussed above, for M/M/m type systems. The analysis of each of these systems leads to a set of linear equations that needs to be solved numerically to evaluate the fairness (unfairness) of the system. Numerical evaluation of these equations (also supported by simulation) for a wide set of load parameters demonstrates that a) the properties proved for the G/D/m type systems in Section 2 hold for M/M/m type systems as well. b) the queue joining policy has little effect on the unfairness for M/M/m type systems.
FAIRNESS OF G/G/m TYPE SYSTEMS
We then turn to examine G/G/m type systems. We show, via a simple counter-case, that the results derived in Section 2 and Section 3 do not necessarily hold for the G/G/m model. We nonetheless conjecture that some of the properties hold for the G/GI/m model.
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